Inspired by a recent ghost-free nonlinear massive gravity in four-dimensional spacetime, we study its higher dimensional scenarios. As a result, we are able to show the constant-like behavior of massive graviton terms for some well-known metrics such as the Friedmann-Lemaitre-RobertsonWalker, Bianchi type I, and Schwarzschild-Tangherlini-(A)dS metrics in a specific five-dimensional nonlinear massive gravity under an assumption that its fiducial metrics are compatible with physical ones. In addition, some simple cosmological solutions of the five-dimensional massive gravity will be figured out consistently.
Surprisingly, the massive gravity has been applied into the holographic descriptions of condensed matter systems [20, 21] .
Inspired by the success of the nonlinear massive gravity theory, a bi-gravity (bi-metric) theory that is also free of ghost has been proposed by . In addition, ghost-free multi-metric theories have also been formulated in Ref. [25] . The main different point between the massive gravity and bi (multi)-gravity theories is that the fiducial metric is non-dynamical in the massive theory but dynamical in bi (multi)-gravity theories. On the other hand, there have been some extensions of the dRGT theory, e.g., the quasi-dilaton model [26] and its extension [27] , the mass-varying massive gravity [28] , the extended massive gravity [29] , the f (R) nonlinear massive gravity [30] , the massive gravity with non-minimal coupling of matter [31] , and the massive gravity nonlinear sigma model [32] . To the best of our knowledge, there has been a paper [33] discussing on a higher dimensional extension of the mass-varying massive gravity, where scalar fields are non-minimally coupled to a massive graviton. However, specific higher dimensional graviton terms and their cosmological implications are not studied in this paper. It is worth noting that a class of charged black hole solutions of a higher dimensional massive gravity with a negative cosmological constant have been found in papers of Ref. [20] . However, these papers have focused only on the usual graviton terms, L i (i = 2 − 4), which were proposed in the four-dimensional dRGT theory [1] . Along this line of research, Ref. [34] has analyzed the spectrum of the ghost-free bigravity theory in arbitrary (higher) dimensions. Note again that all of these papers have not discussed in detail scenarios involving additional higher dimensional graviton terms, e.g., L 5 and L 6 [35] , which would not vanish in five-dimensional and six-dimensional spacetimes, respectively. Hence, studying the dRGT theory and its extensions with specific higher dimensional graviton terms in higher dimensions is physically important. For example, introducing the higher dimensional graviton terms into the corresponding higher dimensional scenarios of dRGT theory would modify results investigated in the previous papers, e.g., Refs. [20, 33, 34] .
In the present paper, therefore, we would like to con-struct explicit higher dimensional graviton terms of the (pure) nonlinear massive gravity and study their cosmological implications. As a result, our construction is based on an observation that the ghost-free graviton terms of the four-dimensional dRGT theory are indeed a consequence of the Cayley-Hamilton theorem [36] , which is associated with the definition of the determinant of square matrix. In particular, by using the characteristic equation of square matrix, which is a consequence of the Cayley-Hamilton theorem, we are able to re-build up the four-dimensional ghost-free graviton terms, which have been shown to be free of the BD ghost. Similarly, higher dimensional ghost-free graviton terms can also be constructed by applying the same technique used for the four-dimensional graviton terms. In particular, we will explicitly define five-, six-, and seven-dimensional graviton terms, L 5 , L 6 , and L 7 , as clear demonstrations for our method. For heuristic reasons, we will discuss a fivedimensional nonlinear massive gravity involving an additional graviton term, L 5 . In particular, we will examine whether some well-known metrics, e.g., FriedmannLemaitre-Robertson-Walker [37] , Bianchi type I [38] , and Schwarzschild-Tangherlini black hole [39, 40] , exist in the five-dimensional nonlinear massive gravity. We will also check the constant-like behavior of massive graviton terms, which has been shown in the four-dimensional dRGT theory. This paper will be organized as follows: (i) A brief introduction and motivation of this research has been given in Sec. I. (ii) Some basic details of four-dimensional nonlinear massive gravity theory will be presented in Sec. II and (iii) some specific higher dimensional graviton terms will be addressed in Sec. III. (iv) The FLRW metric and its generalization, the Bianchi type I metric, will be studied in the five-dimensional nonlinear massive gravity in Sec. IV and Sec. V, respectively. (v) Next, we will examine whether the five-dimensional nonlinear massive gravity admits the Schwarzschild-Tangherlini black holes as its solutions in Sec. VI. (vi) Finally, concluding remarks and discussions will be given in Sec. VII.
II. FOUR-DIMENSIONAL GHOST-FREE NONLINEAR MASSIVE GRAVITY
In this section, we will remark some basic details of the four-dimensional ghost-free nonlinear massive gravity, which have already been investigated extensively. As a result, they will be useful for comparing the nonlinear massive gravity with its higher dimensional scenarios. An action of four-dimensional ghost-free nonlinear massive gravity proposed by de Rham, Gabadadze, and Tolley [1] is given by 1) where M p is the Planck mass, m g is the graviton mass, α 3, 4 are free parameters, and the massive terms L i (i = 2 − 4) are defined as
2)
3)
. (2.4) Note that the above square brackets are defined as [1, 3, 7] [K] ≡ trK (2.5) where
6)
Here, according to Ref. [1] , g µν is the physical metric, f ab is the fiducial (or reference) metric, and φ a (a = 0−3) are the Stückelberg scalar fields introduced to give a manifestly diffeomorphism invariant description [3] . In the massive gravity framework, the fiducial metric has been assumed to be non-dynamical, i.e., time derivatives of scale factors of the fiducial metric no longer appear in the massive gravity Lagrangian. Hence, constraint equations associated with the fiducial metric become algebraic equations rather than differential equations [11] . And by making the fiducial metric dynamical, i.e., the fiducial metric plays similarly as the physical metric does, we will obtain the so-called bigravity [22] . Note again that the dRGT theory with an arbitrary fiducial metric has been confirmed to be free of the BD ghost through different approaches [6] .
As a result, varying the action (2.1) with respect to the physical metric leads to the modified Einstein field equation as [11] 9) with
10)
12)
As will be shown later, Y µν can be proved to be zero in general as a consequence of the Cayley-Hamilton theorem, which is associated with the definition of matrix determinant. Note that the Einstein field equations without the expression of Y µν have also been derived in Refs. [14, 15] .
In addition, according to Ref. [11] the modified Einstein equations (2.9) can be rewritten as 2.14) along with the following constraint equations associated with the fiducial metric:
More interestingly, the massive graviton terms can be shown to be an effective cosmological constant for a large class of metric spaces, provided that the fiducial metric is compatible with the physical metric [11] . In particular, given both diagonal Bianchi type I physical and fiducial metrics, it has been shown in Ref. [11] that Furthermore, the Bianchi type I expanding solutions of the fourdimensional dRGT theory have been shown to be stable against field perturbations for both isotropic FLRW fiducial [10] and Bianchi type I fiducial metrics [11] . Hence, the so-called cosmic no-hair conjecture proposed by Hawking and his colleagues [41, 42] , which states that the final state of universe should be isotropic, seems to be violated in the context of dRGT theory.
Since the Bianchi type I metric is a generalization of FLRW metric, it is straightforward to show that in the isotropic FLRW limit we can obtain the following effective cosmological constant as shown in Eq. (2.17) [11] . Consequently, the dRGT theory with the positive Λ 0 M defined in Eq. (2.17) can be shown to admit the de Sitter metric: 19) as its cosmological solution if both physical and fiducial metrics are taken to be FLRW one. More interestingly, we will show below that the values of the effective cosmological constant shown in Eq. (2.17) will also be recovered for some metrics of five-dimensional nonlinear massive gravity under an assumption that both physical and fiducial metrics are compatible with each other.
III. HIGHER DIMENSIONAL NONLINEAR MASSIVE GRAVITY
A. Cayley-Hamilton theorem and ghost-free graviton terms
First, we will present a close relation between the Cayley-Hamilton theorem and the strategy to construct the ghost-free graviton terms L i (i = 2 − 4) [1] . Before going to discuss in details, we would like to mention that there have been some consistent analysis on reconstructing the four-dimensional massive graviton terms of dRGT theory, e.g., Refs. [13, 22] , especially Ref. [35] . We hope that our present analysis together with them could shed more light on the mathematical structure of ghost-free nonlinear massive gravity in four and higher dimensional spaces.
In mathematics, e.g., see Ref. [36] , there exists the wellknown Cayley-Hamilton theorem, which states that any square matrix must obey its characteristic equation. In particular, given a n × n matrix K with its characteristic equation, P(λ) ≡ det(λI n − K) = 0, then 1) where
are coefficients of the characteristic polynomial. In addition, I n is a n × n identity matrix. In particular, for n = 2 we have the following characteristic equation as 2) which implies
after taking the trace. It is clear that the definition of det K 2×2 looks similar to that of four-dimensional graviton term L 2 /2. On the other hand, for n = 3 the corresponding characteristic equation turns out to be
4) which leads to
It is clear that the definition of det K 3×3 looks similar to that of four-dimensional graviton term L 3 /2. Similarly, for n = 4 the corresponding characteristic equation is given by 6) which gives
It is straightforward to see that if use K to denote K 4×4 then 
with (3.10) And according to the characteristic equation in four dimensions (3.6) , it is now clear that (3.11) as claimed. Next, we will show the ghost-free property of dRGT graviton terms is indeed a consequence of the CayleyHamilton theorem. Recall the tensor X (4) µν defined in Ref. [1] :
12) with replacements, η µν → g µν , Π → K, and K 0 µν = g µν . Note that ones claimed in Ref. [1] 
Similarly, we can also be able to show that X (4) µν (g µν , K) = 0. As a result, X (4) µν (g µν , K) is given by 13) where
14) with L (0) der = 1 and Π has been replaced by K. The explicit formulas of L (n) der with n = 1 − 4 are therefore given by 18) Thanks to these definitions, we finally arrive at
µν = 0 as expected. Note that there is the recursive relation [1] as (3.20) Hence X (n>4) µν = 0 since X (n=4) µν = 0 as shown above. This is a guarantee that no ghost-like pathology arise at the quartic or higher order levels with arbitrary physical and fiducial metrics, consistent with investigations in Ref. [1] . Note that the result X (n≥4) µν = 0 is equivalent to the result that all graviton terms L n≥5 vanish identically in four-dimensional spacetime [11] .
It is now clear that the massive graviton terms are closely related to the Cayley-Hamilton theorem. In other words, the Cayley-Hamilton theorem really shows us the useful way to construct the graviton terms, which have been shown to be free of the BD ghost [1] .
Thanks to this useful method, we are able to construct the graviton terms in n ≥ 5 spacetimes, which ensure that the following higher dimensional nonlinear massive gravity is ghost-free. For a heuristic reason, we will show the explicit definition of graviton term, L 5 , in five-dimensional spacetime as a specific example. Indeed, for n = 5 we have the following characteristic equation:
By taking the trace, we arrive at
This expression of L 5 looks similar to that of L (5) der (Π) defined by Eq. (31) in the second paper of Ref. [1] . Note again that L 5 (or L (5) der ) must vanish in any fourdimensional spacetime. However, this result will no longer hold in higher-than-four dimensional spacetimes.
It is straightforward to show that X (n≥5) µν = 0 in the five-dimensional spacetime, which ensures that any ghost-like pathology arising at the quintic or higher order levels must disappear, no matter the form of physical and fiducial metrics. By doing the same steps, we can define the other graviton terms in spacetimes, whose number of dimension is larger than five. Indeed, we will present here graviton terms in six-and seven-dimensional spacetimes as specific demonstrations for our claim. Given the definition of determinant of matrices K n×n with n = 2, 3, 4, and 5, we are able to define the determinant of six-and seven-dimensional matrices, K 6×6 and K 7×7 , to be 24) respectively. Similarly, it turns out that any ghost-like pathology arising at the sixth or higher order levels will no longer exist due to the fact that X (n≥6) µν = 0 in the six-dimensional spacetime. This result can also be extended for seven-dimensional spacetime, i.e., any ghostlike pathology arising at the seventh or higher order levels will disappear due to the fact that X (n≥7) µν = 0. Before going to the next subsection, we would like to note that the expressions of L 5 and L 6 have been mentioned in Ref. [35] .
B. Five-dimensional nonlinear massive gravity
Generally, we can conclude that all graviton terms L n+i with i = 1, 2, 3, ... must disappear in the n-dimensional spacetime, according to the CayleyHamilton theorem. In other words, using the characteristic equation (3.1) we can construct BD ghost-free graviton terms for n-dimensional nonlinear massive gravity theory of K n×n matrix. For heuristic reasons, we will discuss a five-dimensional nonlinear massive gravity and its cosmological implications in the rest of the present paper.
As shown above, an action of five-dimensional ghostfree nonlinear massive gravity is given by 25) here α 5 is an additional field parameter associated with the massive terms L 5 defined as
Here, we have used the result shown in Eq. (3.22) with K = K. Additionally, note again that all terms L n with n ≥ 6 will vanish identically in the five-dimensional spacetime.
As a result, the corresponding five-dimensional Einstein field equations turn out to be 27) where (3.33) with α = α 3 + 1, β = α 3 + α 4 , and σ = α 4 + α 5 . Note that although the tensors X µν and Y µν shown in Eqs. (3.28) and (3.30) look similar to that in Eqs. (2.10) and (2.12) but they now live in five-dimensional spacetime. Hence, they will contain more terms than that defined in four-dimensional spacetime It is noted that in the four-dimensional spacetime, where W µν no longer exists, the tensor Y µν has been shown to be zero as a consequence of the CayleyHamilton theorem. And in five-dimensional spacetime, we also have the same result for the tensor W µν , i.e., W µν = 0 in general as a consequence of the CayleyHamilton theorem. Note again that Y µν = 0 in higherthan-four dimensional spacetimes. Of course, W µν = 0 in higher-than-five dimensional spacetimes.
Following detailed analysis of Ref. [11] , the modified Einstein field equations (3.27) can be rewritten as (3.34) along with the corresponding constraint equations associated with the existence of fiducial metric:
Here L M is given by
The equation (3.34) implies an important result that the massive graviton terms act as an effective cosmological constant
due to the consequence of the Bianchi identity: ∂ ν L M = 0. This result can be applied for a large class of physical and fiducial metrics. Indeed, we will show below the constant-like behavior of graviton terms for some well-known metrics under an assumption that the fiducial metric is compatible with the physical one. Note that the constraint equations (3.35) associated with the fiducial metric do not involve the Einstein tensor, then they are indeed algebraic equations rather than differential equations if the Stückelberg scalar fields are taken to be in the unitary gauge, i.e., φ a = x a .
IV. FIVE-DIMENSIONAL FLRW METRICS
In five-dimensional spacetime, we will consider the FLRW physical and fiducial metrics given by
where a i 's (i = 1 − 2) are scale factors and u is the fifth dimension [37] . In addition, N 1 and N 2 are the lapse functions, which are introduced to obtain the following Friedmann equations from their Euler-Lagrange equations [1, 5, 11] . Note that we can set N 1 = 1 after its corresponding Friedmann equation is derived. However, we should not do the same thing for N 2 , i.e., N 2 should be regarded as a free field variable. Note again we have assumed that the fiducial metric is compatible with the physical one in the present paper. Following Refs. [10] [11] [12] [13] [14] [15] , the Stückelberg scalar fields will be taken to be in the unitary gauge,
It will be convenient by defining the following expression:
Hence, the corresponding graviton terms turn out to be
Furthermore, taking a summation of all graviton terms 9) with the parameters γ i 's defined as [10] 
Following the method used in Ref. [11] , we will solve constraint equations associated with the scale factors of fiducial metric in order to show the constant-like behavior of graviton terms. In particular, these constraint equations are the Euler-Lagrange equations of N 2 and a 2 :
Here, we note that there is no any time derivative of N 2 and a 2 in the massive graviton Lagrangian L M . As a result, the above constraint equations are equivalent with the following equations: 12) since γ and Σ have been set as functions of N 2 and a 2 , respectively. Thanks to the explicit definition of L M as shown in Eq. (4.9), the constraint equations (4.12) can be expanded to be 14) whereΣ ≡ 1 − Σ andγ ≡ 1 − γ as additional variables. Note that these equations can also be obtained from the (tensor) constraint equations defined in Eq. (3.35) . In this paper, however, we prefer using the EulerLagrange equations since they turn out to be more effective and convenient than the tensor equations (3.35) . It is straightforward to show that Eq. (4.14) can be solved, with the help of Eq. (4.13), to give a solution:
γ =Σ, (4.15) assuming that α 4Σ 2 + 3α 3Σ + 3 = 0. As a result, the cubic equation (4.13) ofΣ can be solved to admit three real or complex solutions by the standard methods, e.g., the Cardano's method. In order to investigate whether the above cubic equation admits complex solution(s), we define the following discriminant:
It is known that if ∆ < 0 the cubic equation (4.13) will admit one real root and two complex roots; otherwise the cubic equation (4.13) will admit all real roots.
As a result, the corresponding graviton terms can be defined to be 17) which implies the following effective cosmological constant Λ M :
Now, we would like to discuss the special case: 19) which will be solved to givê
along with a condition that α
. It is appears that α 5 will no longer be free due to Eq. (4.14). Indeed, the corresponding α 5 will be determined in terms of the other parameters as follows
In addition, given the above solutionsγ turns out to be positively arbitrary. Consequently, the corresponding L M turns out to be
Hence, the corresponding effective cosmological constant can be defined to be (4.23) which is independent of α 5 . Moreover, the effective cosmological constant Λ M , can be either negative or positive definite depending on the value of α 3 and α 4 . It is worth noting that the value of effective cosmological constant in the special case as shown in Eq. (4.23) is identical to Λ 0 M defined in Eq. (2.17) , which has been investigated in four-dimensional dRGT theory [11] . In other words, by fine-tuning α 5 such that it satisfies the condition (4.21) then the effective cosmological constant from the graviton terms in five-dimensional FLRW spacetime will coincide with that in four-dimensional FLRW spacetime, where L 5 disappears automatically as claimed before.
Given the result that m 2 g L M = −2Λ M , the modified Einstein equations (3.34) in the FLRW spacetime now become
If we set the scale factor of physical metric as 4.25) along with N 1 (t) = 1, then we can solve the Einstein equations with the positive Λ M to obtain the following solution:α 26) which seems to be the de Sitter solution in five dimensions. Note again that the four-dimensional dRGT theory also admits the de Sitter metric as its cosmological solution if both physical and fiducial metrics are assumed to be FLRW one as mentioned in Sec. II.
V. FIVE-DIMENSIONAL BIANCHI TYPE I METRICS
In five-dimensional spacetime, the Bianchi type I physical and fiducial metrics can be taken to be [10, 11, 38] 2) where β i 's (i = 1 − 2) are additional scale factors associated with the fifth dimension u [38] . In addition, the Stückelberg scalar fields have been taken to be in the unitary gauge, φ a = x a , i.e., ∂ µ φ a = δ a µ [10] [11] [12] [13] [14] [15] . In order to compare with the results in fourdimensional case, where β i 's associated with the fifth dimension have not been introduced, we will use the notations as used in Ref. [11] . In particular, we will define the following variables in five-dimensional spacetime:
Given these definitions, we are able to define the following graviton terms L i such as
Hence, taking a summation of all graviton terms leads to 8) where
It is straightforward to check that if we take the limit, and L 2,3,4 ,M all reduce to that defined in four-dimensional spacetime framework [11] . Moreover, the L i (i = 2 − 5) and L M all reduce to that defined in the previous section in the isotropic FLRW limit, σ 1 = σ 2 = 0, β i = α i , and A = B = C.
A. Constraint equations
Following the method in Ref. [11] , we solve the constraint equations associated with the scale factors of the fiducial metric, N 2 , α 2 , σ 2 , and β 2 in order to show constant-like property of graviton terms. In particular, these constraint equations are the Euler-Lagrange equations:
Here, these constraint equations are derived following the fact that the graviton Lagrangian L M does not involve any time derivative of N 2 , α 2 , σ 2 , and β 2 as shown in Eq. (5.8). As a result, it is straightforward to show that the Euler-Lagrange equations (5.11) can be reduced to (5.12) where γ, A, B, and C are functions of N 2 , α 2 , σ 2 , and β 2 , respectively, as defined in Eq. (5.3). Given the graviton Lagrangian L M in Eq. (5.8), we are able to obtain the following algebraic constraint equations:
14)
It is straightforward to check that under the limit, C → 1, all above algebraic constraint equations reduce to that found in the four-dimensional dRGT theory [11] .
As a result, solving Eqs. (5.14) and (5.15) leads to two possible solutions:
On the other hand, we obtain from Eqs. (5.13) and (5.16) two possible solutions: 
are chosen to solve the constraint equations. In particular, for the solution B = A the equation (5.19) can be factorized as 21) where γ 1,2,3 's defined in Eq. (4.10) have been used in order to derive the above equation. As a result, this equation admits non-trivial solutions: 23) which is identical to that defined in Eq. (4.21). Here we have also neglected trivial solutions, C = 1 and γ = 1. The values of an effective cosmological constant associated with the massive graviton terms can therefore be determined to be (5.28) which are identical to that found in the four-dimensional dRGT theory [11] . To end this case, we would like to remark that the field parameter α 5 associated with the existence of L 5 cannot be arbitrary but be constrained by the other α 3 and α 4 as shown in Eq. (5.23). In addition, α 2 3 > 4α 4 /3 is also required to make the effective cosmological constant Λ M real definite.
Case 2
Second, we consider another case, in which the solutions shown in Eqs. (5.17) and (5.20) :
are selected to solve the constraint equations. As a result, we get two following equations from the constraint equations (5.13) and (5.14) such as 30) which can be combined to give
Hence, two possible solutions of Eq. (5.31) read
32) Additionally, the corresponding graviton terms become
As a result, the equation (5.34) can be solved to give three possible roots ofÂ, which can be either real or complex definite. However, it is noted that L M should be real (positive or negative) definite. Consequently, the variableÂ should be real definite, too.
For the other solution shown in Eq. (5.33), the corresponding equation ofÂ turns out to be a quartic equation:
along with the following graviton terms defined to be
As a result, four possible values ofÂ, which are either real or complex definite, can be figured out from the following quartic Eq. (5.36). Note again thatÂ must be real in order to have the real effective cosmological constant
Case 3
Next, we consider the case, in which the solutions shown in Eqs. (5.18) and (5.19) :
are considered to solve the constraint equations. From the second equation, we can define A as a function of B as follows 
As a result, once Eq. (5.40) is solved, we will have values ofB defined in terms of the field parameters, α 3 , α 4 , and α 5 . Then, all coefficients of Eq. (5.41) will be evaluated such that values ofγ will be figured out consistently.
Additionally, values of C will also be defined, according to the relation as shown in Eq. (5.18). Of course, once all variables A, B, C, and γ are solved, the massive graviton term L M shown in Eq. (5.8) will be determined directly.
Case 4
Finally, we consider the fourth case, in which the solutions shown in Eqs. (5.18) and (5.20) :
are used to solve the constraint equations. It is straightforward to obtain, from these two solutions, a quadratic equation ofγ: (5.43) with the help of the solution (5.18) . Equating Eqs. (5.42) and (5.43) leads to a set of solutions: α 3 = 3, α 4 = 9, α 5 = 27, andB = −1/3 (or equivalently B = 4/3). However, these solutions do not satisfy both constraint equations (5.13) and (5.16). Hence, we conclude that there is no any solution to the constraint equations in this case.
B. Einstein field equations
Armed with the effective cosmological constant 
Furthermore, if we assumë
where V 0 is a constant, then the above equation (5.52) will be reduced to a linear differential equation in V 1 : (5.57) where β 0 = β 1 (t = 0) andβ 0 =β 1 (t = 0) acting as initial values. For the last variable, σ 1 , we integrate out Eq. (5.47) to havė
where k is a constant of integration. In addition, an initial condition for this equation can be figured out from the Friedmann equation (5.45): (5.60) where σ 0 = σ 1 (t = 0) as an initial value.
In conclusion, we have found a set anisotropic solutions (5.55), (5.57) , and (5.60) for the five-dimensional Einstein field equations with the effective cosmological constant Λ M coming from the massive graviton terms L i (i = 2 − 5).
C. Stability analysis of Bianchi type I expanding solutions
In this subsection, we would like to study the stability of this set of anisotropic solutions by considering the exponential perturbations [11] : 
( 5.62)
It appears that the components A ij with i = 4 − 7 and j = 1 − 7 do not involve any variable κ since Eqs. (5.13), (5.14) , (5.15) , and (5.16) do not include any time derivative of A, B, C, and N 2 . Hence, the components A ij with i = 4 − 7 and j = 1 − 7 do not affect on the stability property of the expanding solutions. Therefore, we will consider the reduced matrix equation instead of Eq. (5.62) in order to investigate whether the set anisotropic solutions (5.55), (5.57) , and (5.60) is stable or not against the field perturbations: 
It is known that Eq. (5.63) admits non-trivial solutions only when detD = 0, (5.68) which can be calculated to be an equation of κ:
As a result, besides the trivial solution, κ 1 = 0, this equation implies the non-trivial solution:
It turns out that κ 2 < 0 for expanding cosmological solutions with 3α 1 +β 1 > 0. Hence, we conclude that the Bianchi type I expanding solutions of five-dimensional nonlinear massive gravity are indeed stable against the field perturbations. Note again that the Bianchi type I expanding solutions of four-dimensional nonlinear massive gravity have also been found and shown to be stable [10, 11] .
VI. SCHWARZSCHILD-TANGHERLINI BLACK HOLES
In order to seek the five-dimensional SchwarzschildTangherlini black hole [39, 40, 43] for the dRGT nonlinear massive gravity theory, we consider the following spherically symmetric metrics:
Here (r, θ, ϕ, ψ) are the spherical coordinates with allowed ranges: 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ π, and 0 ≤ ψ ≤ 2π. In addition, N i (t, r), F i (t, r), D i (t, r), and H i (t, r) (i = 1 − 2) are arbitrary functions of time t and radial coordinate r [12, 14, 15] . Moreover, the Stückelberg scalar fields have been chosen to be in the unitary gauge, φ a = x a [12] [13] [14] [15] .
As a result, the non-vanishing components of K µ ν are defined to be
For convenience, we define some additional results:
Given the above results, the massive graviton terms L i 's (i = 2 − 5) are explicitly defined to be
Hence, the corresponding graviton Lagrangian L M turns out to be (6.10) According to Refs. [12, 15] , there exists a constraint equation, which is associated with the non-diagonal component of physical metric, g 0r , given by g 0r R 00 − g 00 R 0r = 0. (6.11) Furthermore, thanks to the Einstein field equations (3.27) in vacuum (T µν = 0) this equation can be reduced to g 0r X 00 − g 00 X 0r + σ (g 0r Y 00 − g 00 Y 0r ) = 0. (6.12)
As a result, this equation can be defined to give an equation: (6.13) which will be fulfilled if D 1 = D 2 = 0, consistent with investigations in Refs. [12, 15] . Note that if either D 1 or D 2 is set to be zero then the corresponding D 2 or D 1 must also be zero due to the requirement that both K 0 1
and K 1 0 shown in Eq. (6.4) must be real definite. Note also that Eq. (6.13) might admit non-vanishing D 1 and D 2 solutions, which correspond to the non-diagonal black hole metrics [19] . For example, choosing solutions such as
F 2 1 (6.14)
will lead to 16) resulting the vanishing of the left-hand side of Eq. (6.13). Furthermore, if we choose a case that (6.17) which corresponds to a case of proportional metrics, i.e., f µν = Cg µν , then we would obtain the following nondiagonal black hole metrics [19] for the five-dimensional nonlinear massive gravity. However, we will only consider the case of D 1 = D 2 = 0, which leads to K 0 1 = K 1 0 = 0 and
18) 19) for simplicity from now on. In the next subsection, we will try to solve constraint equations associated with the non-vanishing components of the fiducial metric. In particular, once the constraint equations are solved analytically (or numerically), we can define the corresponding graviton terms
Indeed, we will be able to compute an effective cosmological constant associated with the graviton terms such as
, provided that the fiducial metric is compatible with the physical metric, similar to the study in Ref. [11] .
A. Constraint equations
Similar to the previous sections, we will derive and then solve constraint equations associated with the existence of non-trivial factors of the fiducial metric: N 2 , F 2 , and H 2 in order to show constant-like behavior of graviton terms. Since the massive graviton Lagrangian L M shown in Eq. (6.10) does not contain any time or radial coordinate derivative of N 2 , F 2 , and H 2 , then we have the following variational equations: (6.20) As a result, these variational equations can be rewritten to be (6.23) respectively. As a result, solutions to a set of Eqs. (6.21) , (6.22), and (6.23) are solved to be (6.24) As will be shown below, these equations will lead to simplified constraint equations, which seem to be more convenience to solve. By using the explicit definition of L M shown in Eq. (6.10), we are able to define the following constraint equations: (6.27) Now, we are going to solve these constraint equations. First, combining both Eqs. (6.25) and (6.26) leads to (6.28 ) which implies two possible cases:
29)
30) Below, we will discuss whether these solutions lead to physical solutions of the constraint equations.
Case 1
In this case, we will consider the first solution of Eq. (6.28), K 0 0 = K 1 1 . Thanks to this solution, Eq. (6.27) can be reduced to (6.31) Furthermore, combining both Eqs. (6.25) and (6.31) gives an equation: (6.32) which is solved to give
33) (6.34) Now, for the first solution (6.33) the equation (6.25) or (6.27 ) is reduced to
here we have ignored the trivial solution, K 2 2 = 0, which leads to the vanishing graviton terms.
Given the solutions,
, we can define the corresponding value of graviton terms L M to be 6.36) here the value of K 2 2 can be determined in terms of the field parameters α 3 , α 4 , and α 5 thanks to the constraint equation (6.35) . Note that the massive graviton terms will play as a real effective cosmological constant,
Next, we will discuss the second solution shown in Eq. (6.34) . As a result, from Eq. (6.25) we obtain (6.38) By combining this result with the equation (6.34) , we arrive at a quartic function of K 2 2 as (6.39) It is known that this quartic equation admits four roots K 2 2 , which can be either real or complex definite. Once the value of K 2 2 is determined, the value of K 1 1 can be evaluated consistently, following Eq. (6.38).
Case 2
In this case, the second solution of Eq. (6.28),
2 + 3α 3 K 2 2 + 1 = 0, will be used. As a result, thanks to this equation both constraint equations (6.25) and (6.26) are reduced to (6.40) here the trivial solution, K 2 2 = 0 resulting zero graviton terms, has been neglected. As a result, the non-trivial solutions of Eq. (6.40) are solved to be 6.41) along with the relation between the parameter α 5 and the other α 3,4 such as 42) which is identical to that defined in Eq. (4.21) . Consequently, the corresponding graviton terms turn out to be (6.43) which is independent of values of K 0 0 and K 1 1 . Hence, the corresponding effective cosmological constant can be defined to be (6.44) here the field parameters α 3 and α 4 are assumed to satisfy the condition such that α 2 3 > 4α 4 /3. Moreover, the effective cosmological constant Λ M , which is independent of α 5 , can be either negative or positive definite, depending on the value of α 3 and α 4 .
Additionally, these variables K 0 0 and K 1 1 seem to obey the following constraint equation, which comes from Eq. (6.27),
here we have used the results shown in Eqs. (6.30) and (6.40) in order to simplify the Eq. (6.27 ). It appears that we only have one equation for three independent variables. Hence, we cannot define explicit values of K 0 0
and K 1 1 in general. It is apparent that if K 2 2 = −2/α 3 along with an assumption,
On the other hand, it turns out that Eq. (6.45) always admits a solution for arbitrary K 0 0 and K 1 1 satisfying the condition W = 0: 
< 0. (6.50) More interestingly, for the relation in Eq. (6.49) the solution in Eq. (6.47) becomes 
3 hold for every components of both physical and fiducial metrics. Note that this result is also valid in the four-dimensional nonlinear massive gravity assuming the physical metric is compatible with the fiducial one. Therefore, it seems that this fact is a unique feature of the dRGT nonlinear massive gravity, which could be true in both higher and lower dimensional scenarios.
B. Einstein field equations and their black hole solutions
It is apparent that the five-dimensional Einstein field equations (3.34) can be rewritten, thanks to the constantlike behavior of graviton terms as shown in the previous subsection, as follows
, the effective cosmological constant, can be either negative or positive definite depending on the values of field paramters α i (i = 3 − 5).
It has been shown that the five-dimensional Einstein equations with a cosmological constant Λ M admit the Schwarzschild-Tangherlini-(anti-)de Sitter black holes as their solutions [39, 40] . In particular, the five-dimensional physical metric (6.1) can be solved to be [39, 40] (6.53) with (6.55) In addition, µ is a mass parameter defined as (6.56) where M stands for the mass of source and G 5 denotes the 5-dimensional Newton constant. Furthermore, if Λ M is positive definite or negative definite then the metric (6.53) will be called the Schwarzschild- Tangherlini-de Sitter or Schwarzschild-Tangherlini-anti-de Sitter black hole, respectively; otherwise Λ M = 0 corresponds to the pure Schwarzschild-Tangherlini black hole. It is worth noting that the stability of the SchwarzschildTangherlini-A(dS) black holes for massless gravitons against linearized gravitational perturbations has been analyzed in details in Ref. [40] . As a result, all these black holes have been proved to be stable against linearized gravitational perturbations [40] . In the massive gravity, however, the stability of its corresponding Schwarzschild-Tangherlini-A(dS) black holes shown above might be modified due to the existence of mass of graviton, which is small but non-zero. In particular, ones have shown in Ref. [18] that the Schwarzschild black holes in four-dimensional massive theory for both dynamical or non-dynamical fiducial metrics turn out to be unstable against radial perturbations. Hence, one could expect that the Schwarzschild-Tangherlini-A(dS) black holes of five (or higher)-dimensional massive gravities are also unstable. Note that for the case of non-vanishing D 1 and D 2 , it has been shown in Ref. [19] that the corresponding four-dimensional non-diagonal black holes seem to be stable against radial perturbations. Similarly, one could expect that the non-diagonal black hole metrics of five (or higher)-dimensional massive gravities also turn out to be stable. Of course, it needs further investigations to obtain correct confirmation because the physical and fiducial black hole metrics in Ref. [18] have been taken to be proportional to each other, while the physical and fiducial black hole metrics in the present paper both are of the same form but not necessarily proportional to each other. Note that we should be aware of the existence of new graviton terms such as L 5 , which might affect on the stability of black holes of higher dimensional massive gravity theories.
VII. CONCLUSIONS
Inspired by the success of the four-dimensional nonlinear massive gravity proposed by de Rham, Gabadadze, and Tolley (dRGT) recently [1] , we would like to construct higher dimensional graviton terms and study their cosmological implications. Our construction is based on the well-known Cayley-Hamilton theorem, which states that any square matrix must obey its characteristic equation. As a result, we have been able to re-build up the four-dimensional graviton terms of the ghost-free dRGT theory by applying the characteristic equation for the matrix K µ ν . Furthermore, several higher dimensional graviton terms, e.g., L 5 , L 6 , and L 7 in five-, six-, and seven-dimensional spacetimes, respectively, have also been constructed consistently by following the same technique used for the four-dimensional graviton terms. Additionally, we have also shown that any ghost-like pathology arising at m−order levels (m ≥ n) will no longer exist in the n-dimensional nonlinear massive gravity following the analysis used in Ref. [1] .
For heuristic reasons, we have studied the cosmological implications of the five-dimensional nonlinear massive gravity with the additional graviton term, L 5 . In particular, several well-known metrics such as FLRW, Bianchi type I, and Schwarzschild-Tangherlini metrics have been shown to exist in the five-dimensional dRGT theory, thanks to the constant-like behavior of graviton terms under the assumption that the fiducial metric is compatible with the physical one. More interestingly, the stability analysis has been done to show that the Bianchi type I expanding solutions are stable against field perturbations. For the stability of the Schwarzschild-Tangherlini-(A)dS black holes, we might employ the investigation in Ref. [40] since the massive graviton terms turn out to be nothing but an effective cosmological constant Λ M defined by Λ M ≡ −m 2 g L M /2. However, it is noted that the stability analysis in Ref. [40] , which have confirmed that Schwarzschild-Tangherlini-(A)dS black holes are stable against linearized gravitational perturbations, deal only with massless gravitons. Hence, we should be very careful when investigating the stability black holes of massive gravity with non-vanishing graviton terms. For example, Ref. [18] has shown that the Schwarzschild black holes in four-dimensional massive theory are generally unstable against radial perturbations. One hence could expect the same result for the Schwarzschild-Tangherlini-(A)dS black holes of five-dimensional massive gravity, where the massive graviton term L 5 has been introduced.
Additionally, we have shown that the value of fourdimensional effective cosmological constant Λ 0 M defined by Eq. (2.17) can be recovered in the five-dimensional dRGT theory under a requirement that the additional parameter, α 5 , cannot be free but constrained by the other parameters, α 3 and α 4 , as shown in Eq. (4.21) .
Given the explicit expressions of L 6 and L 7 shown in Eqs. (3.23) and (3.24) , respectively, one can similarly compute the following effective cosmological constants in six-and seven-dimensional nonlinear massive gravity for some particular metrics. Furthermore, one can also be able to figure out the following metrics for the higher dimensional dRGT theory by applying the same method presented in this paper. Other higher dimensional black holes [43] , e.g., the Myers-Perry black holes, which are higher dimensional generalizations of Kerr black hole [44] , might be shown to exist in the higher dimensional scenarios of the nonlinear massive gravity in further investigations.
On the other hand, one can propose a specific five (or higher)-dimensional bigravity [22, 34] by mimicking graviton terms of five (or higher)-dimensional nonlinear massive gravity. Note that the fiducial metric in the bigravity acts as a dynamical metric, not non-dynamical as in the massive gravity. Hence, solutions of the bigravity might be different from that of the massive gravity. In the massive gravity, our main task is to solve the constraint equations of the scale factors of fiducial metric, which could be algebraic equations if the unitary gauge of Stückelberg scalar fields is chosen. After solving the constraint equations, we will be able to calculate the following value of massive graviton terms, which will be identified as an effective cosmological constants Λ M ≡ −m 2 g L M /2. Hence, the Einstein field equations will be reduced to simple ones, in which all complicated graviton terms are hidden in the effective constant, Λ M . In the bigravity, however, the constraint equations coming from the fiducial sector will no longer be algebraic but differential equations. Therefore, the value of massive graviton in the bigravity could not be easy to investigate, resulting the complexity of Einstein field equations. Hence, higher dimensional bigravity models and their cosmological implications need further investigations, which would be presented elsewhere [45] . For heuristic reasons, one can also extend some extensions of the dRGT theory such as the quasi-dilaton model [26] and its extension [27] , the mass-varying massive gravity [28] , the extended massive gravity [29] , the f(R) nonlinear massive gravity [30] , and the massive gravity with non-minimal coupling of matter [31] to the higher dimensional scenarios proposed in this paper. Of course, a full detailed confirmation for the ghost-free property of the higher dimensional nonlinear massive gravities also needs to be investigated systematically as for the fourdimensional scenario [6] .
We hope that the study in the present paper could shed more light on the physics of massive gravity and its extensions.
